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Abstract
M. E. Rudin proved under CH that for each P-point there exists
another P-point strictly RK-greater [5]. Assuming p = c 1, A. Blass
showed the same, and proved that each RK-increasing ω-sequence of
P-points is upper bounded by a P-point, and that there is an order
embedding of the real line into the class of P-points with respect to
the RK-(pre)ordering [1]. In the present paper the results cited above
are proved under a (weaker) assumption b = c.
A. Blass also asked in [1] what ordinals can be embedded in the set
of P-points and pointed out, that such an ordinal may not be greater
then c+. In the present paper the question is answered showing (under
b = c) that there is an order embedding of c+ into P-points.
A free ultrafilter u is a P-point iff for each partition (Vn)n<ω of ω there
exists a set U ∈ u such that either U ⊂ Vn for some n < ω or else U ∩ Vn is
finite for all n < ω. A filter F is said to be RK-greater than a filter G (in
symbols, F ≥RK G) if there exists a map h such that h
−1 (G) ⊂ F .
Let
W = {Wn : n < ω} (1)
be a partition of a subset of ω into infinite sets. A filter K is a called contour
if there exists a partitionW such that W ∈ K iff there is a cofinite set I ⊂ ω
such thatW ∩Wn is cofinite on Wn for each n ∈ I. Then we call K a contour
of W and denote K =
∫
W. †
A fundamental property used in the present paper is the following refor-
mulation of [6, Proposition 2.1]
1Actually this results were stated under MA, but the proofs works also under p = c,
which was pointed out by A. Blass in [2]
∗Key words: P-points, Rudin-Keisler ordering, b = c; 2010 MSC: 03E05; 03E17
†See [3] for a systematic presentation of contours.
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Proposition 1. A free ultrafilter is a P-point iff it includes no contour.
We found a link between contours and subfamilies of ωω, which allows
us to interpret the behavior of (un)bounded families of functions in terms of
the behavior of filters with respect to contours. This approach lead us to a
surprisingly short and easy proofs of the theorems mentioned in the abstract.
In a recent paper [4] D. Raghavan and S. Shelah proved (under p = c) that
there is an order-embedding of P(ω)/fin into the set of P-points ordered
by ≥RK , and gave a short review of earlier results concerning embeddings of
different orders into the class of P-points.
Recall that if f, g ∈ ωω then we say that g dominates f (and write f ≥∗ g)
if f(n) ≤ g(n) for almost all n < ω. We say that a family F of ωω functions
is unbounded if there is no g ∈ ωω that dominates all functions f ∈ F . The
minimal cardinality of unbounded family is the bounding number b. We also
say that a family F ⊂ ωω is dominating if for each g ∈ ωω there is f ∈ F
that dominates g. The pseudointersection number p is a minimal cardinality
of a free filter without pseudointersection i.e. without a set that is almost
contained in each element of the filter. Finally an ultrafilter number u is
the minimal cardinality of a base of free ultrafilter. It is well known that
p ≤ b ≤ u ≤ c, and that there are models for which p < b, for both see for
example [8].
The family of sets has strong finite intersection property (sfip) if each
finite subfamily has infinite intersection.
We say that two families of sets A, B mesh (and write A#B) if A ∪ B
has the sfip. If A = {A}, then we abridge {A}#B to A#B. If A has the
sfip, then by 〈A〉 we denote the filter generated by A.
Let A be an infinite subset of ω. A filter F (on ω) is called cofinite on A
whenever U ∈ F iff A \U is finite. It is said to be cofinite if it is cofinite on
some A. The class of cofinite filters is denoted by Cof.
A relation between sets and functions. Let W be a partition (1).
For each n < ω, let (wnk )k<ω be an increasing sequence such that
Wn = {w
n
k : k < ω} .
For each f ∈ ωω and m < ω, let
EW (f,m) := {w
n
k : f (n) ≤ k,m ≤ n} (2)
If F ∈
∫
W, then, by definition, there exists a least nF < ω such that
Wn\F is finite for each n ≥ nF . Now, for each n ≥ nF , there exists a minimal
kn < ω such that w
n
k ∈ F for each k ≥ kn. Let f F denote the set of those
functions f, for which
n ≥ nF =⇒ f (n) = kn. (3)
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Then EW (f, nF ) is the same for each f ∈ f F . It is a largest set of the form
(2) included in F . Sure enough, EW (fF , nF ) ∈
∫
W.
Conversely, for every function f ∈ ωω, define a family Wf of subsets of ω
as follows: F ∈ Wf if there is nF < ω such that F = EW (fF , nF ) . Therefore,
Proposition 2. The family
⋃
f∈ωωWf is a base of
∫
W.
Let A be a family of sets, and let F be a filter. We say that A is a
external quasi-subbase (EQ-subbase) of F if there exists a countable family
B such that A∪ B has the sfip and F ⊂ 〈A ∪ B〉.
If W is a partition (1), then for each i < ω, let
W˜i :=
⋃
n≥i
Wn and W˜ := {W˜i : i < ω}.
Proposition 3. Let W be a partition and let A be a family with the sfip.
Then the following expressions are equivalent
(1) A is a EQ-subbase of
∫
W,
(2) there exists a set D such that A∪ W˜ ∪ {D} has the sfip, and
∫
W ⊂
〈A ∪ W˜ ∪ {D}〉.
Proof.: 2⇒ 1 is evident.We will show 1⇒ 2. Suppose that, on the contrary,
1 ∧ ¬2, and let B be a witness. Taking finite intersections
⋂
i≤nBi instead
of Bn, we obtain a decreasing sequence, so that, without loss of generality,
we assume that B = {Bn}n<ω is decreasing. By ¬2, for each n there exists
An ∈
∫
W such that An 6∈ 〈A ∪ W˜ ∪ {Bn}〉.
Without loss of generality, for each n there is k(n) ≥ n such that An∩Wi
is empty for all i < k(n) and Wi \ An is finite for all i ≥ k(n). Define
A∞ :=
⋃
i<ω
(⋂
{n:k(n)≤i}An ∩Wi
)
and note that A∞ ∈
∫
W.
We will show that A∞ 6∈ 〈A ∪ B ∪ W˜〉 ⊃ 〈A∪B〉. To this aim, it suffices
to show that A∞ 6∈ 〈A∪W˜ ∪{Bn}〉 for each n < ω. Indeed, note that A∞ ⊂
An∪W˜
c
k(n) for each n < ω. From (An∪W˜
c
k(n))∩W˜k(n) ⊂ An 6∈ 〈A∪W˜∪{Bn}〉,
we infer that (An∪W˜
c
k(n)) 6∈ 〈A∪W˜ ∪{Bn}〉, and so A∞ 6∈ 〈A∪W˜ ∪{Bn}〉.
Remark 4. Let A be a EQ-subbase of
∫
W. Then there exists a partition V
such that
∫
V ⊂ 〈A ∪ V˜〉.
Proof: Take Vi to be the i-th non-finite Wj ∩D (For D from Proposition
3 (2) ).
Theorem 5. Let (Aα)α<β<b be an increasing sequence of families of sets
such that Aα is not a EQ-subbase of any contour. Then
⋃
α<β Aα is not a
EQ-subbase of any contour.
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Proof: Suppose not. Let β, {Aα}α<β<b be like in assumptions, and let∫
W be a contour and B be a countable family of sets such that
∫
W ⊂
〈A ∪ B〉. By Proposition 3 and Remark 4, without loss of generality, we
may assume that B = {Bn}n<ω = W˜ is decreasing. Denote Cα := 〈Aα ∪ B〉.
Clearly, Cα does not include
∫
W for each α < β,thus, for each α < β, there
exists a set Dα ∈
∫
W such that Dα 6∈ Cα. Let gα ∈ f Dα for each α < β.
Since β < b, the family {gα}α<β is bounded by some function g. Let G ∈ Wg.
We will show that G 6∈
⋃
α<β Cα so that G 6∈ Cα for each α < β. Suppose
not, and let α0 be a witness. By construction, there exists n0 < ω such that
G ⊂ Bcn0 ∪Dα0 . Since (Dα0 ∪B
c
n0
) ∩Bn0 ⊂ Dα0 6∈ Cα0 , thus Dα0 ∪B
c
n0
6∈ Cα0
and so G 6∈ Cα0 .
LetA be a family of sets with the sfip. We will say thatA has a u-property
if 〈A ∪ B〉 is a free ultrafilter only for families B of cardinality ≥ u.
Remark 6 (Folclore?). Let F be a filter such that there is a map f ∈ ωω
that f(F) ∈ Cof. Then F has u-property.
Proof.: Let f ∈ ωω be a function, such that f(F) ∈ Cof, if 〈F ∪ A〉 is an
ultrafilter thus f(〈F ∪ A〉) is a free ultrafilter (base) and so {f(A) : A ∈ A}
has a cardinality of at least u.
Remark 7. Let F be a filter on ω and let f ∈ ωω be a function, such that
lim supn∈F card (f
−1(n)) =∞ (4)
for each F ∈ F . Then if 〈f−1(F) ∪A〉 is an ultrafilter, then card (A) ≥ u.
Proof.: For each n < ω, let (kin)i<card (f−1(n)) be an enumeration of f
−1(n).
Define function h ∈ ωω such that h(kin) = i for each n, i < ω. Clearly,
h(A ∪ f−1(p)) ∈ Cof and so we are in assumptions of Remark 6.
Remark 8 (Folclore). Let Y ,Z be families with the sfip of subsets of ω,
which are not ultrafilter-bases. Let h ∈ ωω. Then there are sets Y, Z such
that Y#Y, Z#Z and h(Z)¬#Y .
Proof.: Take any O such that O#Y and Oc#Y .
If h−1(O)¬#Z then Y = O, Z = (h−1(O))c;
if h−1(Oc)¬#Z then Y = Oc, Z = h−1(O);
if h−1(O)#Z and h−1(Oc)#Z then Y = O, Z = (h−1(O))c.
Let us recall, the well-known theorem, see for example [1, Corollary 1].
Theorem 9. Let u be an ultrafilter. If f(u) =RK u, then there exists U ∈ u,
such that f is one-to-one on U .
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M. E. Rudin proved in [5] that, under CH, for each P-point there exists
an RK-strictly greater P-point. Few years later in [1, Theorem 6] A. Blass
proved that theorem under p = c.
Theorem 10. (b = c) If p is a P-point, then there is a set U of P-points, of
cardinality b, such that u >RK p for each u ∈ U, and that elements of U are
Rudin-Keisler incomparable.
Proof.: Let f ∈ ωω be a finite-to-one function such that (4) for all F ∈ p.
We define a family A as follows: A ∈ A iff there exist i < ω and P ∈ p such
that card (f−1(n) \ A) < i for each n ∈ P . Then Theorem 9 insures us that
the ultrafilters we are building are strictly RK-greater than p.
We claim that {f−1(p)} ∪ A does not include any EQ-subbase of a con-
tour. Suppose not, and take a witness
∫
W. By Remark 4, without loss of
generality, we may assume that
∫
W ⊂ 〈f−1(p) ∪ A ∪ W˜〉. Consider two
cases:
Case 1: There exists a sequence (Bn)n<ω and a strictly increasing k ∈
ωω such that Bn ⊂ Wk(n), f(Bn) 6∈ p and B#f
−1(p) ∪ A, where B :=⋃
n<ω Bn. Take a sequence (f(
⋃
i≤nBn))n<ω. This is an increasing sequence,
and clearly,
⋃
n<ω f(
⋃
i≤nBn) = f(B) ∈ p. Make a partition of f(B) by
f(
⋃
n≤i+1Bn) \ f(
⋃
n≤iBn), for i < ω. Since p is a P-point, there exists
P ∈ p, such that P ∩ (f(
⋃
n≤i+1Bn) \ f(
⋃
n≤iBn)) is finite for all i < ω, and
thus f−1(P ) ∩Bn is finite for all i < ω. Therefore f
−1(P ) ∩Wi ∩B is finite,
and thus (f−1(P ) ∩ B)c ∈
∫
W, which means that
∫
W¬#〈f−1(p) ∪ {B}.
Case 2: Otherwise, define sets V1 = W1, Vj =Wj ∩f
−1(
⋂
k<j f(Wk)), and
note that
⋃
i<ω Vi ∈ 〈A ∪ f
−1(p)〉. Then (f(Vi))i<ω is a decreasing sequence,
and since f is finite-to-one, so (f(Vi)\f(Vi+1))i<ω is a partition of f(V1) ∈ p.
Since p is a P-point, there exists P ∈ p such that Pi = (f(Vi) \ f(Vi+1)) ∩ P
is finite for each i < ω. Let g : ω → ω be defined by g(i) := E
(
i+1
2
)
, where
E (x) stands for the integer part of x. Let
R :=
⋃
i<ω
(f−1(Pi) ∩
⋃
j∈[g(i),...,i]
Vi).
Note that R ∩ Vi is finite for each i < ω, and that
lim supn∈P˜ card (f
−1(n) ∩ R) =∞
for all P˜ ∈ p and P˜ ⊂ P . Thus Rc 6∈ 〈A ∪ f−1(p) ∪ W˜〉, but on the other
hand Rc ∈
∫
W.
We range all contours in a sequence (
∫
Wα)α<b and
ωω in a sequence
(fβ)β<b. We will build a family {(F
β
α)α<b}β<b of increasing b-sequences
(Fβα )α<b of filters such that:
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1) Each Fβα is generated by A together with some family of sets of cardi-
nality < b;
2) Fβ0 = A for each β < b;
3) For each α, β < b, there exists F ∈ Fβα+1 such that F
c ∈
∫
Wα;
4) For every limit α and for each β, let Fβα =
⋃
γ<αF
β
γ ;
5) For each α, γ < α, β1, β2 < α, there exists a set F ∈ F
β1
α+1 such that
(fγ(F ))
c ∈ F
β2
α+1.
The existence of such families follows by a standard induction with sub-
inductions using Theorem 5 and Remark 8 for Condition 5. It follows from
the proof of Remark 7 that Fβα is not an ultrafilter-base for each every α and
β. It suffices now to take for each β < b, any ultrafilter extending
⋃
β<bF
β
α
and note that, by Proposition 1, it is a P-point.
A. Blass proved [1, Theorem 7] also that, under p = c, each RK-increasing
sequence of P-points is upper bounded by a P-point.
Theorem 11. (b = c) If (pn)n<ω is an RK-increasing sequence of P-points,
then there exists a P-point u such that u >RK pn for each n < ω.
Proof.: Let fn be a finite-to-one function that witnesses pn+1 >RK pn.
For each natural number m, for each P ∈ pm define B
P
m ⊂ ω × ω by:
BPm ∩ (ω × {n}) :=


f−1n−1 ◦ f
−1
n−2 ◦ . . . ◦ f
−1
m (P ), if n > m;
P, if n = m,
∅, if n < m.
Now let Bm := {B
P
m : P ∈ pm} and let B :=
⋃
m<ω Bm. Clearly, B is a
filter, and each ultrafilter which extends B is RK-greater then each pn.
For each m < ω consider a function fˆm :
⋃
n≥m(ω × {n}) → ω × {m},
such that
fˆm ↾ (ω × {n}) = fm ◦ . . . ◦ fn−1 for n > m;
fˆm ↾ (ω × {n}) = idω×{m} for n = m.
A proof analogous to the proof of Theorem 10 (for pm and fˆm) shows that
no Bn includes any EQ-subbase of contour. Hence, by Theorem 5, B does
not include a EQ-subbase of any contour. A proof analogous to Remark 7
shows that B has a u-property.
Let (
∫
Wα)α<b be a sequence of all contours. We will build an increasing
b-sequence of filters Fα such that:
1) F0 = B.
2) For each α, there is such F ∈ Fα+1 that F
c ∈
∫
Wα;
3) For a limit α, Fα =
⋃
β<αFβ.
The rest of the proof is an easier version of the final part of the proof of
Theorem 10.
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Corollary 12. (b = c) Let (pn)n<ω be an RK-increasing sequence of P-
points. Then there exists a family U of P-points of cardinality b such that
u >RK pn for each u ∈ U, and that elements of U are RK-incomparable.
Proof.: Just combine Theorem 10 with Theorem 11.
In [1] A. Blass asked (Question 4) what ordinals can be embedded in the
set of P-points and pointed out that such an ordinal can not be greater then
c+. The question was mentioned also by Raghavan and Shelah in [4].
We prove that, under b = c, there is an embedding of c+ into P-points.
To this end we need some, probably known, facts. We say that a subset A of
ωω is sparse if lim n<ω |f(n)− g(n)| =∞ for each f, g ∈ A such that f 6= g.
Fact 13. There exists a strictly <∗-increasing sparse sequence F = (fα)α<b ⊂
ωω of nondecreasing functions such that fα (n) ≤ n for each n < ω and α < b.
Proof: First we build (by definition of b) <∗-increasing sparse sequence
(gα)α<b ⊂
ωω of nondecreasing functions, that fulfill the following condition:
if α < β < b then gα(n) > gβ(2n) + n for almost all n < ω. Define a
b-sequence (gˆα)α<b of relations on ω by:
m ∈ gˆα(n) iff (n = 0 and m ≤ gα(0)) or gα(n− 1) ≤ m ≤ gˆα(n).
Finally, define (fα)α<b by fα(n) := m iff m ∈ gˆα(n−m).
Fact 14. If an ordinal number α can be sparsely embedded in ωω as non-
decreasing functions less than any function f ∈ ωω, then α can be sparsely
embedded as nondecreasing functions between any sparse pair of functions
g <∗ h ∈ ωω.
Proof: Without loss of generality, f is nondecreasing. Let (fβ)β<α be an
embedding of α under f . Clearly it suffice to proof that there is an embedding
under s defined by s(n) := h(n)−g(n) if h(n) ≥ g(n) and s(n) = 0 otherwise.
Define a sequence (k(n))n<ω by k(0) := min {m : s(i) ≥ f(0) for all
i ≥ m}, k(n + 1) := min {m : m > k(n) & s(i) ≥ f(n+ 1) for all i ≥ m}.
Define gα as follows: gα(n) = fα(m) iff k(n) ≤ m < k(n + 1).
Fact 15. For each γ < b+, there exists a strictly <∗-increasing sparse se-
quence F = (fα)α<γ ⊂
ωω of nondecreasing functions.
Proof. Clearly by Facts 13, 14 first ordinal number which may not be
embedded as sparse sequence in ωω under id ω is a limit number or a successor
of limit number. Again, by Facts 13 and 14, the set of ordinals less then
mentioned in both cases limit number is closed under b sums, thus this
number is not less then b+.
We denote by succ the class of successor ordinals.
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Lemma 16. For each γ < b+, for each P-point p there exists an RK-
increasing sequence {pα : α < γ, α ∈ succ∪{0}} of P-points, such that
p0 = p.
Proof: Note that cof (γ) ≤ b. Consider a set of pairwise disjoint trees Tn,
such that each Tn has a minimal element, each element of Tn has exactly n
immediate successors and each branch has the highest ω.
Let {fα}α<γ,α∈succ∪{0} ⊂
ωω be sparse, strictly <∗-increasing sequence
(there is some by Fact 15). For each succ∪{0} ∋ α < γ, define
Xα :=
⋃
n<ω
Level fα(n)Tn.
For each succ∪{0} ∋ α < β, define
fβα :
⋃
fα(n)<fβ(n)
Level fβ(n)Tn →
⋃
fα(n)<fβ(n)
Level fα(n)Tn,
that agrees with the order of trees Tn for n < ω such that fα(n) < fβ(n).
Note that dom fβα is co-finite on Xβ for each succ∪{0} ∋ α < β.
Let p = p0 be a P-point on X0 =
⋃
n<ω Level 0Tn. We will work by
recursion building a filter pβ on Xβ for β ∈ succ. Suppose that pα are already
defined for α < β. Let R ⊂ β ∩ (succ∪{0}) cofinal with β − 1, and of order
type less than or equal to b. For each function fβα (α ∈ R), we proceed like
in the proof of the Theorem 10, obtaining a family {(fβα )
−1(pα) ∪ Aα}. By
construction, the union of these families
C :=
⋃
α∈R
{(fβα )
−1(pα) ∪ Aα}
has the sfip.
To show that the C is not a EQ-subbase of any contour for each α < β,
α ∈ R, proceed like in the of the claim in the proof of Theorem 10 for a
function fβα , where f0 := idX0 . If for some α ∈ R we are in Case 1, then the
following proof is as in Case 1 for fβα and a P-point pα, and we are done. If
not, then for each α ∈ R, we are in Case 2, and it suffices to conclude the
proof for fβ0 and for a P-point p0 like in Case 2 of the claim of Theorem 10.
Finally, as at the end of the proof of Theorem 11, we list all contours in
b-sequence and, by recursion, we add, preserving sfip, to the family C the
sets, the complements of which belong to the listed contours. By Theorem 5
the process will pass through all steps < b. By Proposition 1 family C with
added sets may be extend only to the P-point ultrafilters.
As an immediate corollary of the Lemma 16 we have the following
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Theorem 17. (b = c) For each P-point p there exists an RK-increasing
sequence {pα}α<c+ of P-points, such that p0 = p.
By Theorem 11 each embedding of ω into P-points is upper bounded by
a P-point, by Theorem 17 there is an embedding of c+, which, clearly, is not
upper bounded, so:
Question 18. What is a minimal ordinal α such that there exists an un-
bounded embedding of α into P-points.
A. Blass also proved [1, Theorem 8] that, under p = c, there is an order
embedding of the real line in the set of P-points. We will prove the same
fact, but under b = c. Our proof is based on the original idea of the set X
of A. Blass. Therefore we quote the beginning of his proof, and then use our
machinery.
Theorem 19. (b = c) There exists an order embedding of the real line in
the set of P-points.
Proof.: ————————- begining of quotation —————————-
Let X be a set of all functions x : Q → ω such that x(r) = 0 for all
but finitely many r ∈ Q; here Q is the set of rational numbers. As X is
denumerable, we may identify it with ω via some bijection. For each ξ ∈ R,
we define hξ : X → X by
hξ(x)(r) :=
{
x(r) if r < ξ,
0 if r ≥ ξ.
Clearly, if ξ < η, then hξ ◦ hη = hη ◦ hξ = hξ. Embedding of R into
P-points will be defined by ξ → Dξ = hξ(D) for a certain ultrafilter D on X .
If ξ < η, then
Dξ = hξ(D) = hξ ◦ hη(D) = hξ(Dη) ≤ Dη.
We wish to choose D in such a way that
(a) Dξ 6∼= Dη (therefore, Dξ < Dη when ξ < η), and
(b) Dξ is a P-point.
Observe that it will be sufficient to chose D so that
(a’) Dξ 6∼= Dη when ξ < η and both ξ and η are rational, and
(b’) D is a P-point.
Indeed, (a’) implies (a) because Q is dense in R. If (a) holds , then
Dξ−1 < Dξ, so Dξ is a nonprincipal ultrafilter ≤ D; hence (b’) implies (b).
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Condition (a’) means that for all ξ < η ∈ Q and all g : X → X , Dη 6=
g(Dξ) = ghξ(Dη). By Theorem 9 , this is equivalent to {x : ghξ(x) = x} 6∈
Dη, or by definition of Dη,
{x : ghξ(x) = hη(x)} = h
−1
η {x : ghξ(x) = x} 6∈ D. (a”)
Now we proceed to construct a P-point D satisfying (a”) for all ξ < η ∈ Q
and for all g : X → X ; this will suffice to establish theorem.
—————————- end of quotation ——————————-
List all pairs (ξ, η), ξ < η ∈ Q in the sequence (ξi, ηi)i<ω. For each
g ∈ XX, ξ < η ∈ Q define Ag,ξ,η = {x ∈ X : ghξ(x) 6= hη(x)}, Ai = Aξi,ηi =
{Ag,ξi,ηi : g ∈
XX} and A =
⋃
i<ωAi. Clearly A has the sfip.
Claim 1: A is not a EQ-subbase of any contour.
Proof: By Theorem 5 it suffices to prove that
⋃
i<nAi is not a EQ-
subbase for any contour, for each n < ω. Suppose not, and take (by Remark
4) witnesses: i0 and
∫
W such that
∫
W ⊂ 〈
⋃
i<i0
Ai ∪ W˜〉. For each n < ω
consider a condition:
∃xn : ∀i < i0 :
(
xn ∈ hξi(W˜1) & card (hηi(h
−1
ξi
(xn)) ∩ hηi(W˜n)) > n
)
(Sn)
Case 1.: Sn is fulfilled for all n < ω. Then for each n < ω, j < n, choose
xjn ∈ W˜n such that hξ(x
j
n) = xn and hηi(x
j0
n ) 6= hηi(x
j1
n,i) for j0 6= j1. Define
E : =
⋃
n<ω
⋃
j≤n{x
j
n}. Clearly E
c ∈
∫
W, but E 6⊂
⋃
i<i0
⋃
g∈G(Ag,ξi,ηi) ∪⋃
l<mWl for any choice of finite family G ⊂
XX for any m < ω.
Case 2.: Sn is not fulfilled for some n0 < ω. Then there exist functions
{gn,i}n≤n0,i<i0 ⊂
XX such that W˜1 ⊂
⋃
n≤n0
⋃
i<i0
(Agn,i,ξi,ηi) ∪
⋃
n≤n0
Wn, i.e.∫
W¬#〈
⋃
i<i0
Ai ∪ W˜〉. Claim1
Claim 2: A has a u-property.
Proof: For x ∈ X let m(x) := card {q ∈ Q : x(q) 6= 0}. Define Hi =
{x ∈ X : m(x) = i}. Clearly
⋃
i≥nHi#A for each n < ω. So we may add
H = {
⋃
i≥nHi, n < ω} to A and since A is not a EQ-subbase for any contour,
A ∪ H is not a EQ-subbase for any contour. Consider a function s ∈ Xω,
such that s(x) = i iff x ∈ Hi. The existence of function s shows that we are
in the assumptions of Remark 6. Claim2
Now it suffices to conclude like in the previous proofs.
We define e to be a minimal cardinality of families B (of subsets of ω) for
which there exists family A (of subsets of ω) such that
- A∪ B has the sfip,
- A is not a EQ-subbase of any contour,
- 〈A ∪ B〉 includes some contour.
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Theorem 20. [7, Theorem 5.2] Each contour has a base of cardinality d.
By Theorems 5 and 20, b ≤ e ≤ d. While we look again at our proofs, we
see that they still work under e = u = c (Theorems 10, 19), or even under
e = c, Theorems 10 (for one element family U), 11, 17 (for b+ in the place of
c+).
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